ABSTRACT
INTRODUCTION
In this paper, we study the following linear problem in which the constraints are formed as the intersection of two fuzzy systems of relational inequalities defined by Frank family of t-norms: , that is, Frank t-norm is converted to minimum, product and Lukasiewicz t-norm, respectively. Frank family of t-norms plays a central role in the investigation of the contraposition law for QL-implications [7] .
The theory of fuzzy relational equations (FRE) was firstly proposed by Sanchez and applied in problems of the medical diagnosis [41] . Nowadays, it is well known that many issues associated with a body knowledge can be treated as FRE problems [37] . Generally, when inference rules and their consequences are known, the problem of determining antecedents is reduced to solving an FRE [35] . We refer the reader to [27] in which the authors provided a good overview of fuzzy relational equations.
The solvability determination and the finding of solutions set are the primary (and the most fundamental) subject concerning with FRE problems. The solution set of FRE is often a nonconvex set that is completely determined by one maximum solution and a finite number of minimal solutions [5] . This non-convexity property is one of two bottlenecks making major contribution to the increase of complexity in problems that are related to FRE, especially in the optimization problems subjected to a system of fuzzy relations. The other bottleneck is concerned with detecting the minimal solutions for FREs. Chen and Wang [2] presented an algorithm for obtaining the logical representation of all minimal solutions and deduced that a polynomial-time algorithm to find all minimal solutions of FRE (with max-min composition) may not exist. In fact, the same result holds true for a more general t-norms instead of the minimum operator [2, 3, 30, 31, 34] . Over the last decades, the solvability of FRE defined with different max-t compositions have been investigated by many researchers [36, 38, 39, 42, 44, 45, 47, 50, 53] . Moreover, some researchers introduced and improved theoretical aspects and applications of fuzzy relational inequalities (FRI) [13, 16, 17, 23, 28, 52] . Li and Yang [28] studied a FRI with addition-min composition and presented an algorithm to search for minimal solutions. They applied FRI to meet a data transmission mechanism in a BitTorrent-like Peer-to-Peer file sharing systems. Ghodousian and Khorram [13] focused on the algebraic structure of two fuzzy relational inequalities ϕ ≥ , and studied a mixed fuzzy system formed by the two preceding FRIs, where ϕ is an operator with (closed) convex solutions. Guo et al. [16] investigated a kind of FRI problems and the relationship between minimal solutions and FRI paths.
The problem of optimization subject to FRE and FRI is one of the most interesting and on-going research topic among the problems related to FRE and FRI theory [1, 8, [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] 25, 29, 32, 40, 43, 48, 52] . Fang and Li [9] converted a linear optimization problem subjected to FRE constraints with max-min operation into an integer programming problem and solved it by branch and bound method using jump-tracking technique. Wu et al. [46] improved the method used by Fang and Li, by decreasing the search domain and presented a simplification process. Chang and Shieh [1] presented new theoretical results concerning the linear optimization problem constrained by fuzzy max-min relation equations. The topic of the linear optimization problem was also investigated with max-product operation [11, 19, 33] . Moreover, some generalizations of the linear optimization with respect to FRE have been studied with the replacement of max-min and max-product compositions with different fuzzy compositions such as max-average composition [22, 48] , max-star composition [14, 24] and max-t-norm composition [20, 29, 43] . For example, Li and Fang [29] solved the linear optimization problem subjected to a system of sup-t equations by reducing it to a 0-1 integer optimization problem. In [20] a method was presented for solving linear optimization problems with the max-Archimedean t-norm fuzzy relation equation constraint.
Recently, many interesting generalizations of the linear programming subject to a system of fuzzy relations have been introduced [6, 10, 17, 26, 32, 49] . For example, Wu et al. [49] represented an efficient method to optimize a linear fractional programming problem under FRE with maxArchimedean t-norm composition. Dempe and Ruziyeva [4] generalized the fuzzy linear optimization problem by considering fuzzy coefficients. Dubey et al. studied linear programming problems involving interval uncertainty modeled using intuitionistic fuzzy set [6] . The linear optimization of bipolar FRE was studied by some researchers where FRE defined with max-min composition [10] and max-Lukasiewicz composition [26, 32] . In [32] , the authors presented an algorithm without translating the original problem into a 0-1 integer linear problem.
The optimization problem subjected to various versions of FRI could be found in the literature as well [12, 13, 16, 17, 23, 51, 52] . Yang [51] applied the pseudo-minimal index algorithm for solving the minimization of linear objective function subject to FRI with addition-min composition. Ghodousian and Khorram [12] introduced a system of fuzzy relational inequalities with fuzzy constraints (FRI-FC) in which the constraints were defined with max-min composition. They used this fuzzy system to convincingly optimize the educational quality of a school (with minimum cost) to be selected by parents. The following diagram may help the readability of the paper.
The remainder of the paper is organized as follows. In section 2, some preliminary notions and definitions and three necessary conditions for the feasibility of problem (1) are presented. In section 3, the feasible region of problem (1) is determined as a union of the finite number of closed convex intervals. Two simplification operations are introduced to accelerate the resolution of the problem. Moreover, a necessary and sufficient condition based on the simplification operations is presented to realize the feasibility of the problem. Problem (1) is resolved by optimization of the linear objective function considered in section 4. In addition, the existence of an optimal solution is proved if problem (1) is not empty. The preceding results are summarized as an algorithm and, finally in section 5 an example is described to illustrate. Additionally, in section 5, a method is proposed to generate feasible test problems for problem (1).
BASIC PROPERTIES OF MAX-FRANK FRI
This section describes the basic definitions and structural properties concerning problem (1) that are used throughout the paper. For the sake of simplicity, let 
Furthermore, the notations 
Therefore, 
From Definition 1 and Remark 1, the following two corollaries are resulted.
Definition 2. For each 1
i I ∈ and each j J ∈ , we define 
Lemma 1 below shows that ij U and ij L stated in Definition 2, determine the maximum and minimum solutions of sets
Proof. See [13, 15] . □ Lemma 1 together with the corollaries 1 and 2 results in the following consequence.
Corollary 3. (a) For each
Similarly, for each
According to Definition 3 and the constraints stated in (2), sets (1), respectively. Based on (2) and Definitions 1 and 3, it can be easily concluded that for a fixed 
It is to be noted that the lemma 2 (part (b)) also provides a necessary condition for problem (1).
Definition

4.
For each
is in the j 'th position.
In the following lemma, the feasible solutions set of the i 'th fuzzy relational inequality is characterized.
Proof. See [15] . □
Lemma 3 together with Definitions 4 and 5, results in Theorem 1, which completely determines the feasible region for the i 'th relational inequality. ( , , , ) ϕ ≥ in the most familiar way. 
THE RESOLUTION OF FEASIBLE REGION AND SIMPLIFICATION OPERATIONS
In this section, two operations are presented to simplify the matrices A and D , and a necessary and sufficient condition is derived to determine the feasibility of the main problem. At first, we give a theorem in which the bounds of the feasible solutions set of problem (1) are attained. As is shown in the following theorem, by using these bounds, the feasible region is completely found. For the proof of the propositions of this section, see [13, 15] .
Theorem 3. Suppose that 1 2 ( , , , )
In practice, there are often some components of matrices A and D , which have no effect on the solutions to problem (1). Therefore, we can simplify the problem by changing the values of these components to zeros. We refer the interesting reader to [13] where a brief review of such these processes is given. Here, we present two simplification techniques based on the Frank family of tnorms.
Definition 8. If a value changing in an element, say ij a , of a given fuzzy relation matrix A has no effect on the solutions of problem (1), this value changing is said to be an equivalence operation.
Corollary 7.
Suppose that 
, from Lemma 5 we can also conclude that 
As will be shown in the following theorem, matrix * L is useful for deriving a necessary and sufficient condition for the feasibility of problem (1) 
OPTIMIZATION OF THE LINEAR OBJECTIVE FUNCTION
According to the well-known schemes used for optimization of linear problems such as (1) [9, 13, 17, 29] , problem (1) is converted to the following two sub-problems: It is easy to prove that X is the optimal solution of (5), and the optimal solution of (4) We now summarize the preceding discussion as an algorithm.
Algorithm 1 (solution of problem (1))
Given problem (1) , then continue; otherwise, stop, the problem is infeasible (Corollary 6).
5.
Compute simplified matrices A % and D % from Lemma 5 and Definition 9, respectively. 
CONSTRUCTION OF TEST PROBLEMS AND NUMERICAL EXAMPLE
In this section, we present a method to generate random feasible regions formed as the intersection of two fuzzy inequalities with Frank family of t-norms. In section 5.1, we prove that the max-Frank fuzzy relational inequalities constructed by the introduced method are actually feasible. In section 5.2, the method is used to generate a random test problem for problem (1) , and then the test problem is solved by Algorithm 1 presented in section 4.
Construction of test problems
There are several ways to generate a feasible FRI defined with max-Frank composition. In what follows, we present a procedure to generate random feasible max-Frank fuzzy relational inequalities:
Algorithm 2 (construction of feasible Max-Frank FRI)
{ } 
Also, by (II), 
Therefore, by relations (8) and (9) 
Numerical Example
Consider the following linear optimization problem (1) in which the feasible region has been randomly generated by Algorithm 2 presented in section 5.1. 
Therefore, by Corollary 3 we have, for example: 
CONCLUSIONS
In this paper, we proposed an algorithm to find the optimal solution of linear problems subjected to two fuzzy relational inequalities with Frank family of t-norms. The feasible solutions set of the problem is completely resolved and a necessary and sufficient condition and three necessary conditions were presented to determine the feasibility of the problem. Moreover, two simplification operations (depending on the max-Frank composition) were proposed to accelerate the solution of the problem. Finally, a method was introduced for generating feasible random max-Frank inequalities. This method was used to generate a test problem for our algorithm. The resulted test problem was then solved by the proposed algorithm. As future works, we aim at testing our algorithm in other type of linear optimization problems whose constraints are defined as FRI with other well-known t-norms.
